SCALAR PRODUCTS IN GENERALIZED MODELS WITH S^C/(3)-SYMMETRY 



M WHEELER 



Abstract. We consider a generalized model with SC/(3)-invariant i?-matrix, and review the nested 
Bethe Ansatz for constructing eigenvectors of the transfer matrix. A sum formula for the scalar product 
between generic Bethe vectors, originally obtained by Reshetikhin ^ , is discussed. This formula depends 
on a certain partition function Z{{X}, {v}), which we evaluate explicitly. In the limit when the 

variables {fi} or {v} oo, this object reduces to the domain wall partition function of the six- vertex 
model Z({A}|{u)}). Using this fact, we obtain a new expression for the off-shell scalar product (between 
a generic Bethe vector and a Bethe eigenvector), in the case when one set of Bethe variables tends to 
^S) ' infinity. The expression obtained is a product of determinants, one of which is the Slavnov determinant 

from SU(2) theory. It extends a result of Caetano et al. [2]. 
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1. Introduction 



The calculation of scalar products between generic Bethe states is an extremely important area of 
study in models solvable by the Bethe Ansatz. On the one hand, the scalar product reduces to the 
norm-squared of a Bethe eigenvector in the limit where the states become on-shell {i.e. when both states 
are parametrized by the same set of roots of the Bethe equations). On the other hand, off-shell scalar 
products (which in this work always means a scalar product between a generic Bethe vector and a Bethe 
eigenvector) play a key role in the study of correlation functions in such models. To have any chance 
1^ , of studying asymptotics of correlation functions and related quantities, it is therefore essential to have 

' some manageable expression for the scalar products which are their building-blocks. 

In two-dimensional models based on the S'?7(2)-invariant i?-matrix, the theory of scalar products is 
well developed. There is a sum formula for the generic scalar product due to Izergin and Korepin (see 
[3] and references therein), a determinant formula for the on-shell scalar product proposed by Gaudin 
[1] and proved by Korepin [5], and a determinant formula for the off-shell scalar product obtained by 
, Slavnov [5] . The latter representation proved to be very helpful in the algebraic Bethe Ansatz approach 

00 ' to correlation functions of the XXX and XXZ models (see [7| and the review article [5]). 

, The subject is not so well understood in models based on higher-rank quantum algebrafl In the 

' case of models with the 5t/(3)-invariant i?-matrix, there is a sum formula for the generic scalar product 

Tj" , and a determinant formula for the on-shell scalar product, both obtained by Reshetikhin [T]. More 

' recently, generalizing the work of [T], the scalar product between a Bethe eigenvector and a twisted 

, Bethe eigenvector was expressed in determinant form Notably, no determinant formula is known 

for the off-shell scalar product in these models. The present paper aims to deal with precisely this 
problem, by evaluating the off-shell scalar product in a limiting case of its variables. 
k> ■ The generic SU{2>) scalar product is a function of four sets of variables {A*-^}, {A-^}, {^Jp}^ {/i^} and 

\^ , the pseudo-vacuum eigenvalues 01,02,03. Let us denote it by {{^^},{\'~^}\{\^},{^.^}), and assume 

that {A^},!//"^} satisfy the nested Bethe equations. Our approach is as follows. 1. We take the sum 
expression for ({/.t'-^}, {A'-^}|{A-^}, {/i-^}), as given in [1], as our starting point. This formula contains 
a certain function, Z({A}, {u}), which is expressed as the partition function of a lattice with 

particular boundary conditions. 2. We calculate Z({A}, {/.t}|{ti;}, {u}) explicitly, and find that it is 
itself given by a sum. 3. We list formulae for Z({A}, {«}) of its sets of variables tends 

to infinity. In this case, we find that it behaves as a domain wall partition function of the six-vertex 
model. 4. Using the results of 1 and 3, we obtain a sum formula for ({/i*^}, {A'-^}|{oo}, {/z^}) and 
({/i*^}, {A'-^}|{A^}, {00}), which denote the limiting cases {A^} 00 and {jJ,^} — !> 00 of the off-shell 
scalar product. 5. The summation in 4 factorizes into two parts, both of which can be evaluated 



Key words and phrases. SU(2) and S'(7(3)-invariant models. Nested Bethe Ansatz. Scalar products. 
^ Apart from the results discussed in the remainder of this paragraph, we also mention 1. In the models based on Uq{sl3), 
multiple-integral formulae for generic scalar products were obtained in |9], 2. A determinant formula for the norm-squared 
in all higher-rank spin chains was presented in |10| . 

appeared after the first version of this paper had been posted. 
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as determinants using results from SU{2) theory. Hence we obtain both {{fi^},{X'^}\{oo},{i^L^}) and 
({a**^}' i''^'" }|{''^^}: {^}) a product of two determinant^ 

The paper is organized as follows. Section 2 and 3 review the algebraic and nested Bethe Ansatze for 
models with an SU{2) and S'f7(3)-invariant i?-matrix, respectively. These sections are designed to fix 
notation related to the models, such as their transfer matrices, Bethe eigenvectors and Bethe equations. 
The reader with familiarity of these subjects can skip these sections. Section 4 reviews results related 
to scalar products of the SU{2) models. We list the sum formula for the generic scalar product [3], 
determinant formulae for the domain wall partition function [121 1131 114[ . and a determinant formula 
for an object which appeared recently in |15j . the partial domain wall partition function. We also give 
the determinant formula for the ofF-shcll scalar product, discovered in [6]. Section 5 contains our new 
results relating to the scalar products of the SU{3) models, and proceeds along the lines described in 
the previous paragraph. Section 6 contains brief concluding remarks. 

The presentation in this paper is designed to be as brief as possible, without omitting essential 
information. In many places we will claim results without a derivation and only refer the reader to the 
original sources. 



2. Algebraic Bethe Ansatz for 5t/(2)-iNVARiANT models 

In this section we review the algebraic Bethe Ansatz for models with the i?-matrix ([T}. For more 
details, see [3]. 

2.1. S'C/(2)-invariant i?-matrix. Let Va, Vp be two copies of the vector space C^. The 5'[/(2)-invariant 
i?-matrix is given by 



(1) 



/ /(A,A^) 






V 











\ 









where the subscript indicates that the i?-matrix is an element of End(Va ® V^). The entries /(A, /i), 
g{X,fi) are the simple rational function^ 



(2) 



/(A,^) = .g(A,^) = -^. 

A — /i A — jl 



For later purposes, it is useful to represent the components of the i?-matrix as vertices, as shown in 
Figure [TJ This is the well known connection with the six- vertex model of statistical mechanics [17] . 



Figure 1. Representing the components of the i?-matrix as vertices. The indices 
ia,ja G {1,2} denote block {ia,ja) of ([1]), while ii3,jp G {1,2} denote the (i/3,j^)-th 
component within that block. 



This result extends, and was partially motivated by a recent result of J Caetano et al. in the context of 1. An XXX 
spin chain with S'(/(3)-symmetry, which is a special case of the generalized model presented in this paper, and 2. In the 
limit where both sets of Bethe roots {A^}, {fi^} — oo simultaneously [2]- 

^The /J-matrix Q occurs in the context of spin chains based on representations of y{sl2). An alternative solution of 
the Yang-Baxter equation, related to Uq{sl2), has the weights /(A, n), g{\, fi) parametrized multiplicatively 1161 or in terms 
of trigonometric functions. For simplicity, in this paper we restrict our attention to rational models, but our result could 
be extended to the trigonometric case without difficulty. 
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2.2. Generalized SU (2) models. We consider a general SU (2) model with the 2x2 monodromy matrix 

f3) T(X)-( ^ 

The entries of ^ are operators which satisfy the Yang-Baxter algebra 
(4) Radix, ^i)To,{X)Tp{^l)^Tp{^l)To,{X)Rap{X,fl) 

where RadiX,fi) is the S'C7(2)-invariant i?-matrix ([1]). Introduce the pseudo-vacuum states |0),(0| and 
let the operator entries of ([3]) act according to the rules 



(5) 
(6) 



A(A)IO) =a(A)|0), 7:>(A)|0) =d(A)|0), C(A)|0)=0, B(A)|0)7^0 
(0|A(A) =a(A)(0|, (0|i:'(A) =d(A)(0|, (0|C(A) 7^ 0, (0|B(A) = 



where a(A), d{X) are constants. In the sequel we let denote the Hilbert space generated by the action 
of B{X) on |0). Similarly, we let H* denote the Hilbert space generated by the action of C(A) on (0|. 

2.3. Fundamental commutation relations. To perform the algebraic Bethe Ansatz, one needs three 
commutation relations which can be extracted as individual components of (|4]) . Firstly, the S-operators 
commute, 

(7) BiX)Bi^i) - B(M)i?(A). 
Secondly, we obtain the following relation between the A and _B-operators, 

(8) A(/i)i?(A) = /(A, ^i)BiX)Ai^,) - g(A, m)B(a*)A(A). 
Thirdly, we obtain the following relation between the D and i?-opcrators, 

(9) D{X)B{fi) = fix, ti)B{f,)D{X) - g{X, fi)B{X)D{fi). 

2.4. Bethe Ansatz for eigenvectors. The transfer matrix is the trace of the monodromy matrix ([3]) 

on Va, 

(10) r{x) A{x) + D{x) 

and it is the goal of the Bethe Ansatz to find states j^*) G 7^ which are eigenvectors of T{x), satisfying 

(11) r(x)|vi/) = A(x)|vi/). 

The Ansatz for the eigenvectors is a string of _B-operators acting on the pseudo-vacuum, 

(12) I*) =B(Ai)...B(A,)|0) 

This choice for \^) gives a solution of the equation ([TT|). provided that the variables {Ai, . . . , A^} satisfy 
the Bethe equationqj. We give the details in the following subsections. 

2.5. Action of A{x) on j^f'). Using the relation ^ and the commutativity ([7]) of the i?-opcrators we 
obtain the formula 



(13) A{x)B{Xi)...B{Xi)\0) ^ 



llfi\,x)B{X,) 



.i=l 



Aix)\0) 



^g{X^,x)B{x 



n/(A,,A,)i?(A,) 



A{X,)\0) 



which allows us to move the A-operator entirely to the right of all i?-operators, so that it acts on the 
pseudo- vacuum. 



'^When the Bethe equations apply to the variables {Ai, . . . , } we will call the object I I12I I a Bethe eigenvector. When 
the variables {Ai, . . . , A^} are free we call it a generic Bethe vector. 
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2.6. Action of D{x) on |^'). Similarly, using the relation 1^ and the commutativity ([7]) of the B- 

operators we obtain the formula 



(14) D{x)BiXi)...B{Xi)\0) 



Y[f{x,X,)B{X,) 



.1=1 



D{x)\0) 
e 

-'^9{x,Xi)B{x 



n/(A.,A,)B(A,) 



.i=i 



D{X,)\0) 



which allows us to move the D-operator entirely to the right of all S-operators, so that it acts on the 
pseudo- vacuum. 

2.7. Expression for A{x) and Bethe equations. The action of the transfer matrix on j^*) is given by 
summing ([T^ and (HI]). Using the assumptions j4(a;)|0) = a{x)\0) , D{x)\0) ~ d{x)\0) (which arc inherent 
to our construction of the model), we see that 

e e 

(15) T{xm= a{x)l[f{X,,x)+d{x)Y[f{x,X,) |*) 

i=l 1=1 

provided that the sub-leading terms in ([T^ and ([T^ cancel. This is achieved by assuming that the 
variables {Ai, . . . , A^} satisfy the Bethe equations 

e e 

(16) a{X,)l[f{Xj,X,)-d{X,)l[f{K,Xj)^0, \/l<i<t 

We will find it convenient to rearrange these equations, and write them in the form 



(17) 



d(AO 



n 



A. - Aj + 1 
A, — Ao- — 1 



V 1< i < 



This conludes the construction of the eigenvectors of T{x), and the eigenvalues A(a;) can be read as the 
coefficient of the right hand side of ([T5|) . 

2.8. Dual Bethe eigenvectors. The above procedure can also be applied to finding states (^'| G H* 
which are eigenvectors of T{x), satisfying 

(18) (*|r(x) = A(x)(*|. 
Following similar steps to those already outlined one can show that 

(19) (*| = (0|C(Ai)...C(A,) 

satisfies ([TS]). with the same eigenvalue as that calculated in the last subsection, provided that the 
variables {Ai, . . . , A^} obey the equations P7|) . For brevity, we omit these details. 

3. Nested Bethe Ansatz for S'[/(3)-invariant models 

In this section we present a fairly detailed outline of the nested Bethe Ansatz [TB] , for generic models 
based on the S'[/(3)-invariant i?-matrix. Our exposition closely follows pi [T5]. 

3.1. SU (3)-invariant i?-matrix and related definitions. Let V^, 1^ be two copies of the vector space 
C'^. The S'[/(3)-invariant i?-matrix is given by 

(20) 



/(A,m) 























\ 





1 





5(A,Ai) 























1 











5(A,m) 











5(A,/i) 





1 





























/(A, A*) 





























1 





5(A,/i) 











5(A,/u) 











1 























.9(A,/^) 





1 





























/(A,m) / 
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where the subscript indicates that the i?-matrix is an element of End(]4 ® Vg). DefineQ 
(21) i?:(;)(A,/i)=(i?2(-A,-A.))'' 

where t^ stands for transposition on the space Vg. More cxphcitly, we write R*J'p\\, fi) in the matrix 
form 



(22) 



/(- 


-A, 













9{- 


-A, 













5(- 


-A, 











1 









































1 









































1 



























-A, 


-m) 











/(- 


-A, 


-/i) 











9i- 


-A, 


-/^) 

























1 









































1 









































1 









9i- 


-A, 


-m) 











5(- 


-A, 













/(- 


-A, 


-/^) / 



a/3 



and represent its components with the vertex shown in Figure [2] 



<^(a,m) 



A 



Ja 



= -A 



J/9 



Figure 2. Definition of the dotted vertex, which is used to denote components of the 
matrix (j22p . The relationship with an ordinary vertex is shown on the right. The indices 
now take the values ia, jaj'ip, jp S {1:2,3}. 



Because the nested Bethe Ansatz involves a reduction of the SU{3) eigenvector problem to an SU{2) 
one, we also need the definition 



(23) 



^S(A,/^) = 



/ ./(A,/i) 




V 



ff(A,Ai) 






.9(A,Ai) 



/(A,A^) 



(2) (2') 

which is nothing but the S'?7(2)-invariant i?-matrix. Finally let us define E)^^(A, fj.) = -Rq,^(A, fi)/ f{X, fi). 
Then we have the relation 

/ 1 \ 
10 



(24) 



»(2) 

V/3 



(A, A) 



d(2) 

Q/3 



1 
\ 




1 / 



Q/3 



(2) 

where P^^ is the permutation matrix acting on Vq Vg . 



3.2. Yang-Baxter equations. For i e {1,2}, let Va,Vj3^V^ be three copies of the vector space * 
with the associated rapidities A, ^, v. The _R-matrices pO| and p3|) satisfy the Yang-Baxter equation 

(25) R%{\ n)Rl:\{X, ^)i?« (m, ^) = i?g(/^, i^)i?L'^(A, ^)i?S(A, m) 
for both values of i G {1, 2}. We also have 

(26) i?W(A,A.)i?:W(A,^.)i?;W(M,^) = <;'(/i,z^)i?:W(A,^)i?i'j(A,M) 



^The reason for introducing the second type of _R-matrix II22I I is explained in [T]. For now wc just remark that it is 
necessary to give a description of SU{3) scalar products in complete generality, as we will see in subsection 15.31 

5 



3.3. Generalized SU (3) models. We consider a general SU (3) model with the 3x3 monodromy matrix 

/ tn(A) <i2(A) tuiX) 

(27) T(i)(A) = <2i(A) <22(A) h3{X) 

\ hi{X) <32(A) t33(A) 

The entries of (p7)) are operators which satisfy the Yang-Baxter algebra 

(28) i?i^j(A,/.)r(i)(A)T(^)(^) = T(^)(^)T(i)(A)i?i^j(A,/i) 

where R^^^{X, ^) is the SU (3)-invariant i?- matrix (PH)) . Again, we introduce pseudo- vacuum states |0), (0 
and act on them with the operators ((27|) according to the rules 



(29) t,,(A)|0) -a,(A)|0), tfc,(A)|0)=0, t,k{Xm ^ 

(30) (0|t,,(A) =a,(A)(0|, (0|%(A)7^0, (0|t,fc(A) - 

which are valid for all i S {1, 2, 3} and I < j < k < 3, and where the ai{X) are constants (which we call 
the pseudo- vacuum eigenvalues) . Let Ti denote the Hilbert space generated by the action of operators 
tjk{X) on |0), and H* the Hilbert space generated by tkj{X) on (0|, for all 1 < j < A: < 3. 

3.4. Decomposition of monodromy matrix. In the following we consider a 2 x 2 decomposition of 
the monodromy matrix, by defining A^^^ (X) = in (A) and 

(31) 

Here Vp,V^,Vs are copies of and the subscripts on these matrices are used to denote the fact that 

(32) Bf{X)&V;, CW(A)eK„ Df\x) ^^ndiVs). 

3.5. First set of commutation relations. In the following we assume Vq,, are copies of C'^. Firstly, 
we list the commutation between the B-operators, 

(33) i?ii)(A)4^'(M) - Bf\^,)B^^\m^^l{\^,). 

Secondly, we give the commutation between the A and _B-operators, 

(34) AW(M)i?W(A) = /(A,/i)i?W(A)A(i)(A.) -.g(A,A.)BW(M)A(i)(A). 
Thirdly, we give the commutation between the D and B-operators, 

(35) D^^\X)Bf{^,) = /(A,M)4^)(A.)I?i^'(A)ML'j(A,/.) - .9(A,/.)BW(A)i?i^n/^)i^S'- 

Finally, the commutation between the i'-operators reduces to an intertwining equation of SU (2) type, 
namely 

(36) i?S (A, (A)<' (/i) - (/.)i^i^) (A)i?S ( A, A^). 

3.6. First expression for Bethe eigenvectors. The aim of the nested Bethe Ansatz is to find the 

eigenvectors and eigenvalues of the transfer matrix T^^\x) = tii(x) -1-^22(2;) +i33(a;)- We will denote an 
eigenvector by I'l''^^^) £ % and its corresponding eigenvalue by A^^^(x), that is, 

(37) r(^)(.T)|*(i)) ^ U(i)(x)-l-tr^i^J'^(x)j|^(i)) = A(i)(x)|*(i)). 
The first step in the Ansatz for the eigenvectors is to propose that 

(38) l*^'^)=Bi?(Ai)...sW(A^)l*i'^...o.) 
where the reference state on the right hand side satisfies 

(39) 

with Vai,...,Vai, all being copies of C^. In the following subsections we will derive the necessary 
conditions for to be an eigenstate of the transfer matrix. 

6 



3.7. Action of A^^'>{x) on Making repeated use of the commutation relations ([55)) and ([M)) . one 

can derive the equation 



(40) A(i)(x)i?iV(Ai)...i?(V(A.)|*i',l..,) - 



n/(A.,a;)i3iV(A. 



j=i 



nKL%.(A„A,) 



(2^ (2) 

where we have defined M)j^(A, /i) = i?Q^(A, ii)/ f{X, fi). Notice that in every term on the right hand side, 
the ^-operator has been threaded past all S-operators. 

3.8. Action of Dp'\x) on l^**^^'). Making repeated use of the commutation relations (|33|) and ([55]) . it 
is similarly possible to derive the equation 



(41) <^(x)BW(Ai)...sW(A^)l*i'?...o.) 



i=l 



n/(A.,A,)sW(A,) 



where we have defined the monodromy matrix of SU (2) type 

(42) t(^)(x) ^ )(x|A,,. . . , Ai) = Df\x)Rfl{x,Xe) . . .^^(x, Ai). 

Since we wish to compute the action of tTpD^^\x) on l^'^^-'), what actually interests us about (PT|) is its 
trace on Vg, which can be taken trivially, 

(43) tTf,D^p\x)Bi\HX,)...Bi\\X,)\¥Z,^^) = 



n/(:^,A.)BW(A,:) 



^.g(x,AOi?W(^) 



4=1 



r(^n^)l*L^?...«.) = A(^)(^)l*L^?.....)- 



where we have defined the secondary transfer matrix T^'^Hx) = tr^r^^''(x). 

3.9. First eigenvalue A^^\x). Assume that the reference state \'^a}...ai) is an eigenvector of both 
A^^)(x) and T^^'^ix), satisfying the equations 

(44) 

(45) 

(2) 

The validation of these two equations will be achieved by our subsequent choice of |\E'a/...af )• In particular, 
it will be our aim to construct solutions of as the second and final step of the nested Bethe Ansatz. 
Having done so, it will be possible to verify that the resulting expression for \'i'a^...ae) satisfies (|44)) . 
By adding (|40)) to (|43|) and using the assumptions (|44| and (|45|) . we obtain 

(46) rW(x)|M'(i))=A(i)(x)|vI/(i))= (ai{x)'[[f{X„x)+l[fix,X,)A^'\x) \ \^^'^) 

\ i=l 1=1 I 

if we assume that all terms not proportional to l^*'^') cancel. This assumption is equivalent to enforcing 
the first set of Bethe equations, which we discuss in the next subsection. Reading the coefficient in 
equation pS)) . we have our first expression for the eigenvalue A'^^)(a;), 



(47) 



A(i)(x) = ai(x) n /(A., a;) + n !{^. \)t^^''\x) 



i=l i=l 
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3.10. First set of Bethe equations. As we just mentioned, j^''^'^^) is an eigenstate of T^^\x) if and 
only if tlie sub-leading terms in PO)) and P5)) sum to zero. From the form of the weights © it is clear 
that g{Xi,x) = —g{x, Xi), hence the sub-leading terms in (^0)) and (^5)) cancel if the variables {Ai, . . . , A^} 
satisfy the Bethe equations 



(48) 



e e 
«i(A«) n A.) - n /(A«, Aj)A(2)(A0 - 0. 



After simple manipulation, the Bethe equations can be expressed in the form 

ai(Aj) 



(49) 



A(2)(A0 



-Q A; - Aj -I- 1 



J = l 



Ai — A, — 1 



3.11. Second set of commutation relations. By virtue of the commutation relation ([55)) and the 

Yang-Baxter equation (j25p . the SU{2) monodromy matrix (|42p obeys its own intertwining equation, 

(50) R'-^lix,y)Ti'\x)TP{y) ^ Tf\y)Tl^\x)B!^;^l{x,y). 

If we explicitly exhibit the Vc^ dependence of {x)^ by writing 

,r.^ 7.(2). u , , / A(2)(x|A,,...,Ai) B(2)(:,|A,,...,Ai) \ 

(^1) ^'^'("'^^'•■•'^^)-U^^'WA.,...,Ai) i^(2)(x|A,,...,Ai) 

then the commutation relations between its operator entries are the same as those in subsection 12. 31 The 
only point of difference is that each operator now comes with the superscript (2), that is, one should 
replace A{x) A'^' (x) and so on. 



3.12. Second set of Bethe eigenvectors. It is now our goal to obtain solutions to the equation (HSl) . 
which can be done using the ordinary algebraic Bethe Ansatz for SU{2) models. Namely, we let 



(52) 



i=l ^ ^ ai 



where the i?-operators act onH® Va^ (g) ■ • • Cg) Vag. 

3.13. Action of j4'^^^(x) on \'^ai...ai)- Using the relation (|5]) and the commutativity ([7]) of the B- 

opcrators, we obtain the formula 



(53) A(2)(x)i?(2)(^,) . . .i?(2)(^„)|0) I 



l[f{fi,,x)B^'\fi,) 



.1=1 



A^'\x)\0)<E>\ita) 



J2g{f,,,x)B('H^ 



i=l 



Y{f{^Ji„^l,)B(^\^Ji,) 



3.14. Action of D^'^^{x) on \^^al...ai,) • Using the relation © and the commutativity ([7]) of the B- 
operators, we obtain the formula 



(54) D^^\x)B^^\^Ji,)...B^^\^i„,m®\^^) = 



X{f{x,^l,)B^'\n,) 



D^^\xm®\^„) 



l[fi^i.„^,,)B^'\^i, 



3.15. Second eigenvalue A'^^^(a;). Using the definitions from above, it is straiglitforward to calculate 

t 

(55) A(2)(a;)|0) ® I ta) = a2{x)\Q) ® | ^,), D'^''\x)\{)) | ^a) = a^ix) [|(1//(.t, Afc))|0) ® | 

fc=i 

Using these equations and adding (|53p to ([M)) . we find that 
(56) 

Cm ^ m \ 

a2(.T)n/(A^-^) +«3(:r) n(l//(^, A..))n/(^,A^.) 
1=1 fc=l 4=1 / 

(1) 

if we assume that all terms not proportional to \^al...ac) cancel. This assumption, in turn, gives rise to 
the second set of Bethc equations, as we discuss in the next subsection. Hence we obtain the explicit 
form of the eigenvalue A(^)(a;), 

m ^ m 

(57) A(2)(a;) = a2{x) \{ f{fi,, x) + a^{x) [] A,-)) H /(^' ^'^)■ 

1=1 fc=l i=l 

3.16. Second set of Bethe equations. As mentioned above, \^'^a}...ai) is an cigenstate of T^'^\x) if 
and only if the sub-leading terms in ([5^ and (|54l) sum to zero. We find that this is the case when the 
variables {/zi, . . . , /im} satisfy the Bethe equations 

,fJ-i) ~ asifii) J|(1//(Mj; Afc))]^/(Aij,/Xj) ^ 0. 

jT^i fc=l j^i 

Rearranging slightly, we put the second set of Bethe equations in the form 
59) r2[p.i) = / ^ = - I I 7 11 77 TT- 

3.17. Summary. We are now able to provide explicit formulae for the eigenvectors and eigenvalues of 
equation (P7)) . which was our original goal. Combining the expression ([55]) with ([5^ we recover the final 
form of the Bethe eigenvectors, 

(60) = bW(Ai) . . . <)(A,)i3(2)(;,,) . . . i?(2)(^„)|o) » I 
Similarly, combining equation (j47p with f|57p we find that the eigenvalues are given by 

I 7n i rn 

(61) A(i)(x) = ai(x) n /(A., 2;) + a2(a:) \{ f{^i,, x) [] /(x, A,) + 03(2;) [] /(x, /i,). 

z— 1 z— 1 j — 1 "i— 1 

Since A^^^(Ai) — a2(Ai) IIJli fiP'j^ '^Oi ^^^^ Bethe equations becomes 

^ ' j=i fc=i 

3.18. Dual Bethe eigenvectors. Naturally, it is also possible to construct states (^''^-'^^1 G %* which 
are eigenvectors of the transfer matrix l''^^\x). Repeating the steps from above with slight modification, 
one obtains 

(63) (vl/(i)| = (^„ |®(0|C(2)(;,i)---^?^'nM™)C«(Ai)...CW(A,) 

where each Ca} {\) is a column vector given by pip , and C'^'^\x) denotes component (2,1) of the 
monodromy matrix 

(64) 

(A,,...,Ai|x)-R^„^(x,A,)...R^„^(x,Ai)D^ ^ 1, C(2)(A,, . . . , Ai|x) D(^){\,, . . . ,X,\x) 
The vacuum state in is the tensor product of 

(65) (ta|=(g)( 1 



and the dual pseudo- vacuum (0[. In this situation, the Bethe equations and the expression for the 
eigenvalue A'^^'(a;) are the same as those given above. 



4. Generic SU{2) scalar products 
4.1. Notation. In the case of sets {A} = {Ai, . . . , A^} and {fj,} = {/ii, . . . , /im}, we define 



(66) 



/({A},M) = nn/(^-'^^) 

1=1 j=i 



to make our subsequent equations more compact. 

4.2. Definition of SU{2) scalar product. In the case of SU{2) models, the scalar product is defined 
as 

e I 

(({A^}|{A^})) = 



({A^}|{A^}) 



n:=irf(Af)nurf(Af) 



(67) ({A^}|{A^}) = (0| n C(Af ) n S(Af )|0), 

The scalar product is equal to the action of a generic dual Bethe vector (fT9)) on another generic Bethe 
vector At this stage, no restriction is imposed on the variables {X'-^} ,{\^} . The quantity on 

the right of (1671) . obtained by dividing by a product of vacuum eigenvalues, is simply a convenient 
renormalization. 

4.3. Sum formula for generic SU{2) scalar product. Using the commutation relations between the 
monodromy matrix operators, as well as the action of these operators on the vacuum states, it is possible 
to derive a sum formula for the scalar product [5] . It is given by 

({A^}i{A^}) = E n «(^?) n «(-^n ) n ) n ^(^?)/(^?' 



where the sum is taken over all partitions of the sets {A*^}, {A^} into two disjoint subsets 



(69) 



{A^} = {Af}U{Ag}, {A^} = {Af}U{A,^}, such that |Af| = |Ap 



|A:^I 



and Z(A^|A^), Z(Ap|Af ) denote domain wall partition functions of the six-vertex model. It is common 
to normalize the scalar product by dividing by ni=i ^(Af )d(A,f ), which gives 



(70) 



4.4. Domain wall partition function Z({A}|{w}). The domain wall partition function depends on 
two sets of variables {A}^ = {Ai, . . . , Af } and {w}i = {wi, . . . , wt}, and we denote it by Z({A}|{ui}). We 
define it as the partition function of the lattice shown in Figure [3] 
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Figure 3. Lattice representation of Z{{\}\{w}). Each intersection of a horizontal and 
vertical line is a vertex, as defined in Figure [1] The state variables on all external 
segments are fixed to the values shown, while all internal segments are summed over. 
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(71) 



The domain wall partition function is given by the Izergin determinant formula 

nL=i(A— ^«j + i) . / 1 



Z({A}|M) 



■det 



Ili<,<j<ei^j - >^^)iwi - wj) V(Aj - wj + 1)(A, - i<,j<^ 

Recently, another determinant representation appeared for the domain wall partition function, due to 
Kostov [131 HH [H] • This determinant formula is given by 

(72) zi{x}\M) = - — det (af^ n - + ^y-'] 

4.5. Partial domain wall partition function. Let n be an integer satisfying 1 < n < £. Consider the 
partition function generated by deleting the bottom {£ — n) rows from the lattice in Figure [3l and whose 
lower boundary is summed over all state variables. We denote this object Z({A}„|{w}f) and represent 
it by the lattice in Figure |4l i i i i i 
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Figure 4. Lattice representation of Z({A}„|{w}f). The number of horizontal rapidities 
Aj is less than the number of vertical rapidities Wj. The lower boundary segments are 
devoid of state variables to indicate summation at these points. 



We emphasize that, unlike in the domain wall partition function, the lower boundary segments in 
Figure |4] are not fixed to definite state variable values but summed over them all. 

In |15| it was explained that (up to a combinatoric factor) Z({A}„|{u)}f ) is the leading term in the 
domain wall partition function Z({A}£|{u)}f ) as A^ , . . . , A„+i — > oo. In this limit the contribution from 
the bottom {£ — n) rows of Figure [3] is the same for all state variable configurations, and up to the factor 
{£ — n)! we are left with the lattice shown in Figure |4l More formally, 

(73) Z{{XU{w}e) = lim (a, • • • A„+iZ({A},| W,)) 

(t: — n)! Af ,...,A„+i^oo V / 

where the limits should be taken sequentially, in any order. Performing the limits (|73p on the determinant 
([7T|l . one obtains 

(74) 



Z{{X}n\{w},) = 



1=1 ]=1 



1) 



n (Aj-Ai) n 

l<i<j<n l<i<j<e 



(Ai--u;i)(Ai-«ii+l) 

1 

(A„— !iii)(A„— + 



1 



Alternatively, starting from ([7^ . one finds that 

1 



(75) 



Z{Wn\{w}t) 



Hi 



<i<0< 



„(A,-A,) 



det Af 



n 

fe=i 



{Xi - -Wfc + 1) 
(Ai - Wk) 



(A, + ly-' 



l<i.j<n 



where the determinant is now n x n. For more details on the derivation of (j74p and (j75p . we refer the 
reader to |15j . In the case where all variables are sent to infinity, we obtain 



(76) 



lim A,...AiZ({A},|M,) 

...Ai— s-oo \ 



£1, 



lim 

Wi....,wi^oo 



(wi...wiZ{{XU{w}i)) =i-Y£l 



We will use these results frequently throughout the rest of the paper. 
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4.6. Imposing the Bethe equations on {A^}. From now on we consider the case when one set of 
variables in the scalar product, {A^}, satisfies the Bethe equations (|17p . That is, we will assume that 

4.7. Slavnov determinant formula. An important case of the scalar product was considered by 
Slavnov in [B]. Assuming that the Bethe equations ([77)1 apply, one is able to replace all instances of 
r(A,f ) with a function purely in the variables {A^}, leading to a determinant expression for the scalar 
product. The most direct way to prove this is to start from ((70)) and enforce the equations (|77)) . which 

gives 

(78) 

Afj=i\-^i ^ Vac 

The sum (j78p can then be evaluated in determinant form, using the determinant expression (j7ip for each 
domain wall partition function and the Laplace formula for the determinant of a sum of matrices. For 
details of this calculation we refer the reader to [5D] , but here we only state the result 

dct (jwh:c f ri(^f - + ) - ri(^f - ^? ' 



(79) (({A^}|{A^})) = 



n (Af-Af)(Af-Af) 

l<i<j<l 



In the rest of the paper, we treat the equality of ([75)) and ([7^ as an identity between meromorphic 
functions in the variables {A'^}, {A^}, with each r{Xf) playing the role of a constant. 

4.8. Behaviour in the {A^} oo limit. We conclude the section by studying the behaviour of the 
function (|75)) in the limit {A'^} — >■ oo. In doing so, we treat (|75)) as a free function in the variables {A^}, 
despite the fact that it arises by imposing the constraints (|77)) on {A^}. We begin by fixing the notation 

(80) (({A^IIW))^! ^ lim (Af •.•Af(({A^}|{A^}))) 

Applying ()76p to each domain wall partition function in ([75)) we easily take the limit, and find that 

(81) (({A^}|{c«})) = E (l) l[riX^;)fiX?,X'f;)kl{-Y-\i^ky. 

?\Ur(x£) n (AF - Ag + 1) 



= E i-y'^^Urixg) n 

{AC-} = {Af}u{Afj} Afj Af,Afj 

In fact the sum ([5T)) can be evaluated as the determinant 



(AF-A,^) 



det((A,f)^-ir(A,f)-(Af + 1)^-1) 
(82) (({A^}IW)) = ^ 



<i,j<e 



n (^-^F) 

i<i<j<e 

To sec this, one uses the Laplace formula for the determinant of a sum of two matrices to expand 
as well as the classic evaluation of the Vandermondc determinant. Alternatively, one can derive the 
expression (|82p starting directly from the Slavnov determinant (|79p and taking the required limit^. 



This observation is due to I Kostov, and is explained in greater detail in 1151 . 
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5. Generic SU{3) scalar products 
5.1. Definition of SU{3) scalar product. In the case of SU{3) models, the scalar product is defined 



m i 

(83) ({/.^}, {A^}|{A«}, {a.^}) = n n /(a^- Af )/(^f , Af )x 

ill. I ® (01 n c^'Hf^?) n c^i^) n n ^^^'c^f )io) « i 



(({/^^},{a^}|{a^},{a*^})) = 



nrii a3(/xf ) n ■=! «2(Af ) nti «2(Af ) n;=i «3(/xf 



Once again, the scalar product is the action of a generic dual Bethe vector (|63)) on another generic Bethe 
vector up to the normalization nl^li 11^=1 /(a*?; -^7)'^('^?' "^^^ which we include for consistency 

with [1] . The auxiliary spaces V^^ , Vg^. participating in the scalar product are taken to be different in 
each half. No assumptions have yet been made in regard to the variables {A'"}, {A-^}, {l^^}- 



5.2. Sum formula for generic SU{3) scalar product. Following the work of Reshetikhin [T], the 
generic SU{3) scalar product is given by the sum formula 

(84) {{^,^}, {A^}|{A^}, {m^}) = e n n «i(^n) n «2(a^?) n «2(Af ) 

\B \C \B \C 

Aj Ajj Ajj Aj 

Mn Aif Atfi 

X fif^i,Xi)fin?, Af )Z({A,^}, {/if }|{Ag}, {/if })Z({AP}, {/xf }|{Af }, {/if}) 
The sum in ((84| is taken over all partitions of the sets {A'-^}, {A^}, {/i'"}, {fJ-^} into disjoint subsets 



(85) {A^} = {Af}U{Af}, {A^} = {Af}U{Af}, such that |Af| = |Af|, |Af | = |Af | 

(86) {m''} = {/if } U {/if }, {/i''} - {/if } U {/if }, such that |/.f| = I/if I, |/.fH|/.f| 

and the quantities 2'({Af }, {/if }|{Af}, {/if}), Z({Af }, {/if }|{Af }, {/if}) are partition functions defined 
in subsection 15.31 

Normalizing by dividing by HLi a2(Af )a2(Af ) HLi a3(/if )a3(/if ), we have 



(87) (({/i^}, {A^}|{A^}, {/i^})) = E n n ^i(^n) n ^^(Mf ) n ^^(m- 



vC \C\f/\B \B\f/,C ,.C\f/,,B ,.B\r/,B \B\r/,C \C\ 



X /(Af , A^J/(Af , Af )/(/if , /if )/(/if , /if )/(/if , Af )/(/i^ , Af 

X Z({Af }, {/if }|{Af }, {/if })Z({Af }, {/if }|{Af }, {/if}) 



5.3. Partition function Z({A}, {/i}!}!^}, {w}). This quantity, defined graphically in [T], is equal to the 
lattice sum 
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Ai 1 
1 
1 
1 
1 

Ml 3 
3 
3 

Mm 3 



Figure 5. Lattice representation of Z({A}, {w}). Undotted vertices denote 

the entries of the i?- matrix (pn| , dotted vertices denote the entries of . Each lattice 
hne denotes an entry of a certain SU{3) monodromy matrix. The top i rows denote 
ti2{K) operators, and the bottom m rows denote the t32(Mj) operators. 



Notice that both types of SU{3) i?-matrix, namely (|20p and (P^ . arc present in this function. The 
construction of Z({A}, {/Lt}|{ii;}, {u}) a-nd the reason for its appearance in ([57]) is a rather complicated 
story, which we will not go into here. For our purposes it plays the role of the domain wall partition 
function at SU (3) level. 

Lemma 1. The partition function in Figure\5\is given 

(88) z({A},Miw,w)= j2 n /(^i'^") n /(^"'^i) n 

{A}={Ai}u{Aii} Pi./Jn -^^i.-'^n W.^i 

{^'■}={H}u{l-m} 

X Z({AJ U {^iu}\{w})Z{{v}\{^i,} U {A„}) 
where the sum in i88\) is taken over all partitions of {X} and {/i} into disjoint subsets, such that |An| = 

Proof. We sketch the proof, which is standard in this type of situation. The idea is similar to that used 
in the proof of equations ((68)) and (|84| , and is described in detail in chapter IX of |3] . 

Consider a monodromy matrix formed by taking a product of the i?-matrices ([20)) and (|22)) . 



(89) Ta{x) = Ta{x\wi, ...,Wi,Vi,.. .,Vrn) = (x, tUi ) . . . R*;^^ {x , Wi) R*J'y\x , Vi) . . . R*^^^, {x , V„^) 

tll{x) ti2{x) ti3{x) 
t2lix) t22{x) t2z{x) 
hl{x) t32{x) t33{x) 



Because of the Yang-Baxter equations ()25p and ()26p , the monodromy matrix (|55)) obeys the intertwining 
equation y)Ta{x)Tp{ii) = Tp{y)Ta{x)R^^p{x , y). From this equation we can extract one particular 

identity between the operator entries of (|5^. namely 

(90) h2{x)ti2{y) ^ f{x,y)ti2{y)t32{x) ~ g{x,y)ti2{x)t32{y) 



Noticing that each horizontal line in Figure [5] is the graphical representation of an operator ti2{Xi) or 
^32(/^j), we can use the commutation relation ()90p repeatedly to exchange the lattice lines. The aim is 
to transfer the ^32 lines to the top, and the ti2 lines to the bottom, as shown in Figure [6| 



Since the first version of tliis paper was posted a number of alternative expressions for Z ({X} , {^}\{w} , {v}) , of an 
analogous form to II88II . have appeared in 1211 . 
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22222 |3|3 33 

■wi wi VI 

Figure 6. The result of using the commutation relation (|^(7)) repeatedly. One obtains 
a sum over all ways of partitioning {A}, {/x} into disjoint subsets, and up to a constant 
that depends on the partition, each term in this sum is of the form shown above. This 
lattice factorizes into a product of domain wall partition functions Z({Ai} U {/in}|{u;}) 
and Z{{v}\{^ll}U{Xu})■ 



Considering the result of Figure [6l it is clear that 
(91) 

z({A}, {^i}\{w}, {v}) = ^^(i^i}' {Mn})^({Ai} u {^^u}\{w})Z{{v}\{^l,} u {a„}) 

{A} = {Ai}U{A„} 
{M} = {Ml}U{A«n} 

where the coefficient /v ({Ai}, {Aii}|{/.ii}, {^iii}) depends on the partitioning of sets. Exploiting the free- 
dom of choice of the variables {w} and {u}, wc are able to isolate single terms in this sum. We do not 
give the full details of this calculation, but it is straightforward to show that 

(92) K({Ai},{A„}|{/.i}, {/.„})= n /(/^I'Mn) n /(^ii'^i) n /(mi,ai)z({a„}|{a.„}) 

A'l.Mn ^'l,^!! 

□ 

5.4. Limiting cases of Z{{X}i, {^}m\{w}e, {v}m)- In this subsection wc list results about the function 
Z{{X}g, {^}m\{'w}e, {v}m) when one of its sets of variables becomes infinite. These results are needed 
when wc study the scalar product (|87|) in the same limit. 

Lemma 2. We claim the following limits, 

(93) Z{{X}i,{oo}jn\{w}£,{v}jn) = liui (tim ■ ■ ■ tilZ{{X}(,{tJ'}7n\{w}£,{v}jn)) 

= {-rz{{x}\{w}) 

(94) Z({cx)}^, {w}™) EEE lim f A^ . . . AiZ({A}f , {/.t}m|{w}£, {w}™)) 

= ^(WIM) 

(95) Z({A}£, {/x}™|{w}f, {oo}™) = — lim (fm ■ • ■ wi^({A}f , , {v}™) ) 

= /(M,W)z({A}|M) 

(96) ^({A}£, {/.t}„|{oo}f, {i;}„) EE lim [wg . . .wxZ{{X\i,{\i}^\{w\i,{v},n)\ 

Z\ ■W(;,...,wi~^oo \ / 

= (-)V(W,{A})^(WIM) 

Proof. Starting from the exact expression ([55)1 . the limit ([M)) can be taken without difficulty. In this 
case the sum over partitions of {/u} trivializes, because when {fj-u} is non-empty each term in the sum 
contains the product Z({An}I{/in})^({Ai} U {Mn}|{w}), and this vanishes in the proposed limit. Hence 
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only one term in 

(97) Z({A},,{oo}™|{«;},,M„) 



will survive, corresponding to {Ai} = {A}, {/ii} = {^J■}, and we see that 
1 



lim 

?7l! Hm,...,fJ,i^oa 



(/i™ . . . {X})z{{x}\{w})zi{v}m) 



= i-r^zi{x}\{w}) 

A similar argument applies to proving (|94p . 

The limits (^51) and (|M)) are slightly more complicated. We consider only ([55]) . as this indicates the 
way to prove (IMl) . Starting from ([55)) and using ([75]) . wc straight away find that 



(98) Z({A},MIW,{oo}) 



E n /(/^I'Mn) n /(^n,Ai) n /(mi^^i) 



{A} = {Ai}u{Aii} 
{A'} = {A'l}U{A'n} 



At, At 



Ml.Aj 



xZ({A„}|{/i„})Z({Ai}U{Mn}|W) 

Now it becomes a matter of showing that the right hand sides of (|95|) and (|98)) arc equivalent. This is 
done using a very similar argument to the proof of Lemma 1. We represent /({^}, {w})2'({A}|{w}) as 
the partition function of the lattice on the left in Figure \7\ 
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Figure 7. On the left, lattice representation of f{{ii},{w})Z{{X}\{w}). The bottom 
m horizontal lines factorize trivially into the product of weights 111=111^=1 /(Mj:^j) 
and the remaining part of the lattice constitutes the domain wall partition function, as 
shown in Figure[3] On the right, lattice representation of Z{{Xj} U {//ii}|{u;}). The top 
m lines contribute trivially, since all vertices in this part of the lattice have weight 1. 



Considering the diagram on the left of Figure \7\ the m lowest lattice lines can be repositioned to the 
top using the commutation relation (j9l) repeatedly. This produces a sum over partitions of {A}, {/i} into 
disjoint subsets, with coefficients A'({Ai}, {Aii}|{/ii}, {/in}), multiplying the partition function shown on 
the right of Figure [T] In other words, we conclude that 

(99) f{M,{w})Zi{X}\{w})= J2 A'({Ai},{A„}|{Mi},{Ai„})Z({Ai}U{M„}|W) 

{A} = {Ai}u{A„} 

{m}={mi}u{mi} 

Using the freedom of choice of the {w} variables to isolate single terms in the sum ([M)) . it is possible to 
show that i^dAi}, {An}|{Aii}: {Mh}) is as given by ([M)) . This concludes the proof that the right hand 
sides of (pS)) and ([M)) are equal. 

□ 

5.5. Imposing Bethe equations on {A^} and {fi^}- Similarly to the previous section we now restrict 
our attention to the case when two sets of variables in the scalar product, {A-^} and {f^^}, satisfy the 
Bethe equations and ([55]) . That is, we assume that 

(100) r.iXf) = ^ = - n xbI^bI, n /(A^- ) V 1 < z < i. 

"3 if^r ) fJi V -^^j - fe=l fif'T^^k) 
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5.6. Summation formula with allowance for Bethe equations. Substituting (|100p and (|10ip into 
(|57)l . we obtain tlie expression 

(102) (({A*^},{A'^}|{A^},{M^}))=EHl^^'l+'^"in-i(^'i)n-2(/^f) 

\C ,,c 



X 



n (n (^) gn^'^j n (n (f^) n ^ 

x/(AP,A^J)/(A^?,Af)/(M^i,A^F)/(A^f,A^i^)/(M^?,Ai^)/(Mp,AP) 

X Z{{X^,}, {mP}|{A:^}, {^f })^({AF}, U^i^}|{Af }, {/.g}) 

Drawing upon wliat we learn from tlic SU (2) scalar product, it is natural to expect that having allowed 
for the Bethe equations, (jl02l) can be summed to a more compact expression. For the moment, we do 
not know how to do that. Part of the difficulty arises with the terms Z{{X^}, {fi^}\{X^j}, {fif}) and 
■^({Ap}, {Mn}|{Af }, {A'n }) which have great combinatorial complexity, whereas their SU{2) analogues 
(domain wall partition functions) are determinants. For this reason we move on to consider limiting 
cases of (jl02p . in the hope it will illuminate its structure without taking any limit. 

5.7. {/i^} — > oo limit of 5L/(3) scalar product. Starting from (|102p . we consider the limit 

(103) (({M'^},{A^}|{A^},{oo}))^iy li,^ Uf..../if(({/^^},{A^}|{A^},{/i^}))) 



Using dSSl) and ^ to take limits oi Z{{\f^],{^l^]\{\g],{^lf]) and Z{{\^},{^lf^]\{\f},{^lg}), we find 
that 

(104) (({^^},{A^}|{A^},{^})) = i^ E E (-)|^?|^'" 



771! 

{A^} = {Af }u{Afj} \h=a l^f |=m-fe,|pfj|=fc 



\{r,{Xg)\[r,[,^<^)\{\{ rlJfs'i^A /(AF,A,^)/(A,^,Af)/(/.g,/.F)/(Mf,Af) 



{A"} = {Af}u{Afi} 

Af -Af + 1 ^ 
Af-Af-1. 

x(777 -fc)!/(^P,Ag)Z({A^?}|{Ag})(-)^fc!Z({Ap}|{Af}) 



Now we make the trivial observation /(/ip, Ap)/(/ip, Aj^) = /(mP, A*^), for any partitioning of {A'-^} into 
disjoint subsets. Using this in (jl04p and cancelling combinatoric factors, we obtain the factorization 

(105) (({^^}, {A^}|{A^}, {^})) = f n f-2(/^n n fi^'?' ^^)] /(/^H' 

where the first sum ranges over partitions of {fi^} into {fi^} U {MhIi ^^.d the second sum ranges over 
partitions of {A*^}, {A^} which obey (|85|) . But using the equality of (l78l) and (|79)) . as well as ((8T|) and 
, we know how to compute both sums in (|105p . Hence we obtain the product of determinants 

dct ({p?y-'r,{pf) n { ^'c^\c' ) (A^F + 1)^"') 

(106) (({^^}, {A^}|{A^}, {oo})) ^ J"' , J -^^^ 

l<'i<j<m 
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det I - Af + l)ri(Af ) - Hl^f " Af - 1) 



l<i,j<£ 



n (A,^-Af)(Af-Af) 

i<i<j<^ 

5.8. {A^} — > oo limit of SU{3) scalar product. We basically repeat the process of the last subsection, 
and take the limit 

(107) (({m^},{A^}|{oo},{^^}))^1 lin, (Af ...Af(({M^},{A^}|{A^},{^^}))) 

I'- Af ,...,Af-!.oo V / 

Again we start from (|102p and now use dHU) and to take limits of Z{{X^}, {fi^}\{X^^}, {fi^}) and 
^({Ap}, {Mi^}|{Af }, {ft^}), which gives 

(108) (({a.^},{A^}|{oo},{m^})) = 1 E (E E H'^"'^^ 

{M^} = {Mf }U{Mfl} 



m / B B 1 1 ' 

n -1 (^n) n -^(Mi'^) n n i /(^i^^' Ag)/(Mg, Mp)/(Mf , m^?)/(a^f, ap) 



X fc!Z({Mf }|{A.f })(-)^-^^ - fc)!/(/.p, AP)Z({/.P}|{m^?}) 

Observe that f{n^, Ap)/(//p', Ap) = f{fi'", Ap) for any partitioning of {/i*" } into disjoint subsets. Using 
this fact and cancelling combinatoric factors in (jl08p . we obtain the factorization 

(109) (({/.^},{A'^}|{oo},{/x«})) =/(/x'^,A^) |^E(-)"'"' n (''i(^n) n j(^C ] /(^f'^n) 

where the first sum ranges over partitions of {A*^} into {Ap} U {Ap}, and the second sum ranges over 
partitions of {/i*^}, {a*'^} which obey (|86)) . As before, we know how to compute both the sums in (|109|) . 
The result is 

det [(AP)-Vi(AP) - (AP + 1)-^ n ( ^^c^\c' )) 

(110) {{{,% {A^}|{oo}, {M-})) = ^ ' 



n (A?-A? 



i<i<j<e 



det n(^'^'' - + i)^2(a^P) - 1) 



l<?',j<?n 



n (M,^-Mp)(Mf-Mf) 

l<i<j<m 

5.9. Comments about consistency. We end by remarking that equations (jl06p and (jllOp are valid 
in the regimes {/i^} — > oo and {A^} — > oo, respectively, and are each independent of the order that their 
variables tend to infinity. 

However this is definitely not the case if we now send the surviving set of Bethe variables in (|106p and 
(jllOp to infinity. Clearly, by sending {A'^} — > cxd in (|106p and {/U^} — !> oo in (jllOp . we obtain different 
answers. Therefore the quantity (({/i*^}, {A'-^}|{oo}, {oo})) is sensitive to the way the limit is taken, and 
cannot be treated naively. 
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6. Discussion 



This work contains two new results. The first is equation which evaluates the partition function 
■^({'^l' {^D- Using this result, the sum formula ([57)) becomes a completely explicit (but rather 

complicated) expression for the generic SU{3) scalar product. As wc commented, Z{{X}, {/i}|{u>}, {v}) 
is the natural analogue of the domain wall partition function at the SU (3) level. For this reason, it would 
be nice to obtain a more compact expression for this quantity. Unfortunately, tests of small examples 
of this object reveal that it does not factorize and cannot easily be expressed as a determinant. This 
casts serious doubt on the claim that (jl02[) can be summed as a single determinant. Indeed, following a 
remark in the conclusion of [21], Z{{X}, {v}) is actually a particular case of the scalar product 

(|102p (obtained by an appropriate specialization of the parameters in (|102p , such that only one term in 
the sum survives). Hence if Z{{X}, {fi}\{'w}, {v}) cannot be written as a determinant, neither can the 
sum ([TU^ . 

The second is equations (jl06p and (|110p . which evaluate the scalar product between a generic Bethe 
vector and a Bethe eigenvector in the limit where one set of Bethe variables becomes infinite. The 
expressions obtained are quite simple, since they are products of two objects which are familiar from 
SU{2) theory. Given that the scalar product is known in factorized form in the cases (|106p and (jllOp . 
and has a determinant form when both Bethe vectors are on-shell [U [TT] , it is still plausible that the 
sum (|102p admits a more compact expression without taking limits of the variables. We hope that the 
results of this paper will cast more light on that problem. 
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After the work in subsections 15. 3ff5^ was completed, O Foda communicated to me that J Caetano et 
al. have obtained a factorization formula for the SU{3) scalar product in the context of 1. An XXX spin 
chain with 5[/(3)-symmetry, which is a special case of the generalized model presented in this paper, and 
2. In the limit where both sets of Bethe roots {A^}, {fJ.^} — > oo simultaneously [2]- This communication, 
together with the results obtained in [T5| and those in subsection 15.41 led to the study of the individual 
limits {A^} oo and {/i^} — > oo and to equations (|106p and (|110p . in subsections 15.71 and 15.81 

References 

[1] N Yu Reshetikhin, Calculation of the norm of Bethe vectors in models with SU (3) -symmetry, Zap. Nauchn. Scm. 150 

(1986), 196-213 
[2] J Caetano et al., to bo published. 

[3] V E Korepin, N M Bogoliubov, A G Izergin, Quantum inverse scattering method and correlation functions, Cambridge 

University Press (1993) 
[4] M Gaudin, La Fonction d'Onde de Bethe, Paris: Masson, (1983) 

[5] V E Korepin, Calculation of norms of Bethe wave functions, Commun. Math. Phys. 86 (1982), 391-418 

[6] N A Slavnov, Calculation of scalar products of wave functions and form factors in the framework of the algebraic 

Bethe Ansatz, Theor. Math. Phys. 79 (1989), 502-508 
[7] N Kitanine, J M Maillet, V Terras, Form factors of the XXZ Heisenberg spin-^ finite chain. Nuclear Physics B 554 

(1999), 647-678, [arXi v : math-ph/9807020"] 
[8] N Kitanine, J M Maillet, N A Slavnov, V Terras, On the algebraic Bethe Ansatz approach to the correlation functions 

of the XXZ spin-1/2 Heisenberg chain, arXiv:hep-th/0505006 
[9] S BcUiard, S Pakuliak, E Ragoucy, Bethe Ansatz and Bethe vectors scalar products, SIGMA 6 (2010), 094, 

arXiv: 1012. 1455 

[10] J Escobedo, N Gromov, A Sever, P Vieira, Tailoring three-point functions and integrability, JHEP Vol. 2011 No. 9 
(2011), 28, arXiv: 10 12. 24 75 

[11] S Belliard, S Pakuliak, E Ragoucy, N A Slavnov, Algebraic Bethe Ansatz for scalar products in SU (3) -invariant 

integrable models, larXiv: f20 7 . 0956 
[12] A G Izergin, Partition function of the six-vertex model in a finite volume, Sov. Phys. Dokl. 32 (1987), 878-879 
[13] I Kostov, Classical limit of the three-point function from integrability, arXiv : 1203 . 6180 
[14] I Kostov, Three-point function of semiclassical states at weak coupling, arXiv: 1205.4412' 

[15] O Foda, M Wheeler, Partial domain wall partition functions, JHEP Vol. 2012 No. 7 (2012), 186. larXiv: 1205 .44001 
[16] M Jimbo, Quantum R-matrix for the generalized Toda system. Comm. Math. Phys. 102 (1986), 537—547 
[17] R J Baxter, Exactly solved models in statistical mechanics, Dover (2008) 

[18] P P Kulish, N Yu Reshetikhin, Diagonalization of gl(n) invariant transfer matrices and quantum N-wave system (Lee 

model), J. Phys. A 16 (1983), L591-L596 
[19] S Belliard, E Ragoucy, Nested Bethe Ansatz for 'all' closed spin chains, J. Phys. A 41 (2008), 295202. .arXiv : 0804 . 28221 

19 



[20] N Kitanine, K Kozlowski, J M Maillet, N A Slavnov, V Terras, On correlation functions of integrable models associated 

to the six-vertex R-matrix, J. Stat. Mech. 0701:P01022 (2007) , [arXiv : hep-th/0611 142 1 
[21] S Belliard, S Pakuliak, E Ragoucy, N A Slavnov, Highest coefficient of scalar products in SU (3) -invariant integrable 

models, arXiv : 1206 . 4931 1 

Department of Mathematics and Statistics, The University of Melbourne, Parkville, Victoria, Australia. 
E-mail address: m. wheelerOms .unimelb . edu . au 



20 



